Abstract. We obtain an upper bound of the volume entropy and the simplicial volume with integrals of Ricci curvature over closed geodesics and apply it to the real Schwarz lemma by Besson, Courtois and Gallot.
Introduction
Let M be an n-dimensional compact Riemannian manifold. It is an interesting problem to what extent the geometry and the topology of a closed manifold are determined by some integrals over all closed geodesics. For example, the marked length spectrum MLS g for a Riemannian metric g is a function which maps a free homotopy class γ of the fundamental group to the length of the shortest geodesic curve in γ . In [CD] , Croke and Dairbekov showed that if MLS g 1 ≥ MLS g 0 , then the area A(g i ) for g i satisfies that A(g 1 ) ≥ A(g 0 ) in the case of n = 2. If A(g 1 ) = A(g 0 ), then g 1 is isometric to g 0 . For n > 2, if g 1 = f 2 (x)g 0 for some smooth positive function f , similar results are obtained. In [DS] , Dairbekov and Sharafutdinov showed that if M is an Anosov manifold and a smooth function f on M integrates to zero over every closed geodesic, then f must be zero. Furthermore, if M is an Anosov manifold and a smooth 1-form integrates to zero around every closed geodesic, then f is an exact form.
In this paper, we obtain an upper bound of the volume entropy and the simplicial volume with integrals of Ricci curvature over closed geodesics instead of a pointwise curvature bound or an integral curvature on the whole space and then apply it to the real Schwarz lemma by Besson, Courtois and Gallot in [BCG1] , [BCG2] , [BCG3] . The volume entropy h(M ) of M is defined as follows:
where B(x, R) is the R-ball centered at x inM . If the Ricci curvature is bounded below, we obtain an upper bound of the volume entropy by the Bishop-Gromov volume comparison theorem.
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We assume that K M < 0 and obtain an upper bound of the entropy depending on integrals of Ricci curvature over closed geodesics. First, we introduce the following notation for the integral of Ricci curvature over a geodesics: Let g(x) be the smallest eigenvalue of the Ricci tensor at x ∈ M and let u + = max(0, u) be the positive part of u. We denote the function ((−g(x) + (n − 1)λ) + ) by ρ(x). We can consider the function ρ on M as a function on the unit tangent bundle UM, i.e. ρ(v x ) = ρ(x). Let ξ t be the geodesic flow of M . If K M < 0, then the geodesic flow on UM is ergodic. We define a functionρ + as follows:
By the Birkhoff ergodic theorem [KH] , we have
for almost every w y ∈ UM, where µ is the Liouville measure which is invariant with respect to the geodesic flow [C] . Henceρ + is constant almost everywhere. However ρ + is not only nonconstant but also discontinuous in general.
If w y and v x in UM are contained in the same orbit of the geodesic flow, i.e. w y and v x are velocity vectors of the same geodesic, thenρ + (w y ) =ρ + (v x ). Henceρ + can be considered as a function from the set of all closed geodesics Γ to R. Then
We define k Γ (λ, p) as follows:
Our main theorem is as follows.
We don't need to assume 2p > n unlike as in [PW1] . From Theorem 1.1, we obtain an upper bound on the simplicial volume. Gromov proved the following inequality between the volume entropy and the simplicial volume
where
As an immediate consequence of [G2] , [BCG2] , we have the following corollary:
From the real Schwarz lemma [BCG3] , we obtain the following corollary:
In Section 2, we review the real Schwarz lemma in [BCG3] . In Section 3, we will prove Theorem 1.1 and Corollary 1.3.
Real Schwarz lemma
We review the real Schwarz lemma [BCG3] . Immediately, we obtain the following corollary:
Theorem 2.1. Let M , N be real complete Riemannian manifolds such that 3 ≤ dim(M ) ≤ dim(N ). Let us assume that there exists some constant C = 0 such that
. From Theorem 2.1, if there is a continuous map from M to N of nonzero degree, then vol(N ) ≤ vol(M ), which is a contradiction. Hence there is no continuous map from M to N of nonzero degree.
Proof of main theorem
We will follow the notation in [PW1] . Around x ∈ M , we use polar coordinates and write the volume element as dvol = ωdt ∧ dθ n−1 , where dθ n−1 is the standard volume element on the unit sphere S n−1 . We define ω to be 0 beyond the cut locus. Then we have
where h is the mean curvature of the distance spheres around x, and h satisfies that
where ∂ t is the unit gradient of the distance function. In the n-dimensional space form S n λ of constant curvature λ, we obtain ω λ and h λ for S λ similarly as ω and h, respectively. Then
Then we have
As r → 0, ω λ (r)/ω(r) → 1, so we have
Then for λ < 0,
for a constant A n and for λ = 0,
ψdt , where ω n−1 is the volume of a standard (n − 1)-sphere. We will prove the following lemma similarly as Lemma 2.2 in [PW1] :
Proof. We have
Multiply by ψ 2p−2 and integrate to get (3.10)
Inserting this in (3.11), we obtain that
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Dividing by (
Consequently, we have
which completes the proof of Lemma 3.1.
In the proof of Lemma 2.2 in [PW1] , it is an essential condition that p > n/2, but our lemma holds for p > 1 2 . If the convergence (1.1) is uniform with respect to R, then we obtain an upper bound of the volume of R-balls for sufficiently large R by (3.5) and Lemma 3.1. The sequence (1.1) does not converge everywhere but almost everywhere, so generally we cannot have the uniform convergence. But if we assume that K M < 0, then we can prove the following lemmas.
Lemma 3.2. For every v x ∈ UM, we have
Proof. For any v x ∈ UM, letṽ andx be the lifting of v x and x toM , respectively, and let γ v be the geodesic ray fromx such that γ v (0) =ṽ. Let D n be the fundamental domain in the universal covering space that contains γ v (n), and let x(n) be the deck transformation of x in D n . Let γ n be the geodesic segment from x to x(n). Then it is projected to a closed curve by the covering map Π. Letγ n be the shortest closed geodesic homotopic to Π(γ n ). Then the tangent vectors ofγ n make a closed orbit of the geodesic flow in UM. Letx n beγ n (0) andγ n be the lifting of γ n to the universal covering space such thatγ n (0) ∈ D 0 . There exists a geodesic segment α n fromx n =γ n (0) to γ v (n). Sinceγ n is a closed geodesic, we have
for some constant C 1 (M ) depending on M . (Note that the areas of any triangles are bounded if K M < 0.) Also since ρ p is a Lipschitz function on M , we obtain
where C 2 (M ) is a constant depending on M . Then we have
which completes the proof.
Lemma 3.3. For any fixed > 0, there exists R > 0 such that
Proof. Let
Then R(r, v x ) is a continuous function for r > 0 and v x ∈ UM. So the set
is an open set for a small > 0. From Lemma 3.2, for every v x ∈ UM, there exists
Then the set
Since UM is compact and T is upper semi-continuous, T (UM) is bounded. So there exists R such that
Proof of Theorem 1.1. By the Hölder inequality, we have
for 1/(2p) + 1/q = 1. For a fixed > 0, we have
from Lemma 3.3. For λ < 0, we obtain from (3.7) that (3.20)
for some constant A n . Hence
For λ = 0, by (3.8) we have (3.22)
Hence we have Since is arbitrary, we have from (3.21) and (3.23) that 
. Then we have vol(N ) < vol(M ), which is a contradiction to vol(M ) ≤ vol(N ).
